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A Bounded Dynamic Programming algorithm for the
Blocking Flow Shop problem

Joaquin Bautista, Alberto Cano
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Abstract— We present some results attained with two variants of
the bounded dynamic programming algorithm to solve the
Fm|block|C,,, problem using as experimental data the well-
known Taillard instances. We have improved the best-known
solutions for four of the Taillard’s instances.

Keywords: Scheduling, BDP algorithms, blocking flow shop

I. INTRODUCTION

This work deals with the permutation flow-shop scheduling
problem without storage space between stages. If there is
enough storage space between machine j and machine j+1, the
job i can wait there for the next operation, machine j is released
and can work on another job. But, if there is no storage space
between stages, then intermediate queues of jobs waiting in the
system for their next operation are not allowed. If operation on
machine j for a job i is finished and the next machine, j+1, is
still busy on the previous job, the completed job i has to be
blocked into machine j. For simplicity purposes we call BFSP
(Blocking Flow Shop Problem) the problem considered and
PFSP (Permutation Flow Shop Problem) the equivalent case
with unlimited storage space.

The most common criterion, here considered, is the
minimization of the makespan or maximum completion time.
Using the notation proposed by [1] the problem BFSP is
denoted as Fm|block|Cp.x (and the PFSP as Fm|prmu|C.y).

Reference [2] published a review on flow shop with
blocking and no-wait in-process. If the number of machines is
two, in [3] is showed that the problem F2|block|C,.x can be
reduced to a travelling salesman problem (TSP) with n + 1
towns (0, 1, 2, ..., n) which can be solved in polynomial time
using the algorithm proposed in [4,5] . The sequence of towns
in an optimal path corresponds to an optimal permutation for
the original problem. Reference [2] showed, using results from
[6], that Fm|block|C.x problem for m = 3 machines is strongly
NP-hard. In [7] a branch-and-bound algorithm, which uses an
elaborated lower bound, is presented. In [8], a competitive
double branch-and-bound algorithm, which uses the
reversibility property of the problem, is proposed. Both
references [7,8] reported solutions for the well known
Taillard’s benchmarks [9].
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Since the problem is NP-hard several heuristic procedures
for Fm|block|Cy,.x has been presented. Reference [10] studied a
special case and proposed the constructive profile fitting
heuristic to solve it. Reference [11] adapted some procedures
proposed for the PFSP and concludes that NEH heuristic,
proposed by [12], has a good behavior. Reference [13]
proposed four heuristics procedures, two of them based on
NEH heuristic, [14] proposed a genetic algorithm (GA).
Reference [15] presented two tabu search algorithms (TS),
which are evaluated using the solutions obtained by [7].
Reference [16] proposed a hybrid genetic algorithm (HGA),
[17] proposed an algorithm based on particle swarm
optimization (HPSO), [18] proposed an algorithm based on
differential optimization (DE). More recently, [19] proposed an
hybrid discrete differential evolution algorithm (HDDE) and
compared their results with the obtained by the tabu search
algorithm proposed in [15]. Finally, in [20], an iterated greedy
algorithm (IGA), which outperforms the HDDE, is presented.
In this reference it can be found an updated list of best known
solutions for the Taillard’s benchmark.

For this manuscript, we used a procedure based on BDP
(Bounded Dynamic Programming). This procedure combines
features of dynamic programming (determination of extreme
paths in graphs) with features of branch and bound algorithms.
The principles of Bounded Dynamic Programming have been
described by [21] and [22]. Previous work on similar
approaches has been done by [23] and [24], and extended by
[25].

This manuscript is organized as follows. Section II presents
the problem description. Section III describes the graph
associated with the problem under consideration and
establishes dominance properties between their vertices.
Section IV proposes overall and partial bounds on the Cia
value shown by the sequences. Section V introduces a
procedure based on BDP to solve the problem under
consideration. Section VI describes the computational
experiments performed and presents the results. Finally,
Section VII shows the conclusions of the study.

II. PROBLEM DESCRIPTION

At time zero, n jobs must be processed, in the same order,
on each of m machines. Each job goes from machine 1 to
machine m. The processing time for each operation is p;y,



where k € K= {1, 2,.., m} denotes a machine and i € I = {l,
2,.., n} a job. Setup times are included in processing times.
These times are fixed, known in advance and positive. The
objective function considered is the minimization of the
makespan (Cay)-

Given a permutation, %, of the n jobs, [¢] indicates the job
that occupies position # in the sequence. For example, in T = (3,
1, 2) [1] = 3, [2] = 1, [3] = 2. For this permutation, in every
machine, job 2 occupies position 3. In a feasible schedule
associated to a permutation, let s;, be the beginning of the time
destined in machine £ to job that occupies position ¢ and e, the
time of the job that occupies position ¢ releases machine k. The
Fm|prmu|C,,,,« problem can be formalized as follows:

Skt Pk S ey k=1,2,...m t=1,2,..n (1)
Skt 2 € k=1,2,..m =1,2,...,n 2)
Skt 2 €y =1,2,...m =1,2,...,n 3)
Coe = s @

Being ¢, =0 Vk, ¢,, =0 Vt, the initial conditions.

The schedule is semi-active if equation (1) is written as
Skt Pk = € and equations (2) and (3) are summarized as

Skt = max{ek,t—D ek—l,z} .

When there is no storage space between stages,
Fm|block|C.x problem, if a job i finishes its operation on a
machine & and if the next machine, k + 1, is still busy on the
previous job, the completed job i has to remain on the machine
k blocking it. This condition requires an additional equation (5)
in the formulation of the problem.

ek,tzekﬂ,t—l kzlaza"am t=1,2,..,n (5)

The initial condition e =0 r=1,2,..,n must be added.

m+1,t

The schedule obtained is semi-active if equation (1) and (5)
is summarized as (6):

e =max{s; ,+ P> m) VI (6)

Consequently, the Fm|prmu|Cy,,x problem can be seen as a
relaxation of the Fm|block|C,x problem.

A mathematical formulation associated with the problem
Fm|prmu|Cj,.« can be found in [26]. For the Fm|block|C.y, the
restrictions resulting from the expression (5) should be added
to this formulation.

III. GRAPH ASSOCIATED WITH THE PROBLEM

Similar to [22] and [27], we can build a linked graph
without loops or direct cycles of 7+1 stages. The set of vertices
in level ¢t (¢t=0,..,T) will be noted as J(¢). J(¢,))
(j= 1,...,|J(t)|) being a vertex of level ¢, which is defined by

the triad (g(¢, j), e(t, j), C. (¢, j)), Where:

max

o 4t )N=(q(t,));-4q,(,))) , where ¢;(1,)) Vi takes
the value 1 if the job i has been completed and the
value 0 in the opposite case.

o e(t,j))=(el(t,)),....,e,(t,j)) represents the vector of
completion times of the operations at the stations.

o Cax(t, ) represents the completion time of the last
programmed job, at stage ¢ and vertex ;.

The vertex J(t, j) has the following properties:

Yt )=t (7)
i=1

q,(t,)) € {0,1} Vi ®)
Conax (1) = € (1, ) )

In short, a vertex J(¢, j) will be represented as follows:

J(&, ) =A(.)),q(t, ). e(t, )} (10)

At level 0 of the graph, there is only one J(0) vertex.
Initially, we may consider that at level ¢, J(¢) contains the
vertices associated with all of the sub-sequences that can be
built with ¢ jobs that satisfy properties (7) and (8). However, it
is easy to reduce the cardinal that J(#) may present a priori,
establishing the following relationship of dominance and
equivalence:

J@t. )< J(@.j) 1) =4t @) <eH] (1)
J(@t.)=J(t,)) < 1q@.) =4t j)IAle@. ) =, jH]  (12)

With these relationships, we can reduce the search space for
solutions in the graph. Therefore, at level ¢ of the graph, J(¢)
will contain the vertices associated with non-dominated and
non-equivalent sub-sequences, and at level 7, J(T) will
contain all the vertices associated with non-equivalent and non-
dominated completed sequences.

A transition arc through the type of job i exists between
vertices J(t,j) of level ¢ and vertex J(z+1, ;) of level t+1 in

the following case:
q(t, )< q(t+1,j;) (13)

For vertex J(¢+1, j;) to be completely defined through the
transition from J(z, j), it is necessary to determine:

J(t+17ji): {(t+17ji)a q(t+19ji)s E(t+1:]z)} (14)
as follows:

q;(t+1,j)=1 (15)

q,(t+1,j)=q,(t,j) Vh:h#i (16)

e (4, )+ Piks
ek(H'Lj,-) = max ek,l(t"'l:j[)’

ekJrl(ta ])

Vke K (17)



where ¢y(t+1,j;)=0.

Indirectly, contribution to the partial C,,, generated in the
transition from J(¢,j) to J(¢+1,j;) may be calculated by
incorporating the job i to the latter vertex, as follows:

a((t,)) = (141, ) =e,(t+1, ) e, (2, ) (18)

Under these conditions, finding a sequence that optimises

the total C,,, is equivalent to finding an optimum path from

vertex J(0) to the set of vertices J(T') of stage T.

Therefore, any algorithm of extreme paths in the graphs is
valid for finding solutions to the proposed problem. However,
realistic industrial problems where n and m are large give rise
to graphs with a large number of vertices. Therefore, we
recommend resorting to procedures that do not explicitly
require the presence of all of the vertices for calculation.

IV. BOUNDING THE VALUES OF THE SEQUENCES

First, we establish overall bounds for C,,,, and then we

establish the bounds associated with the path for building
(complement) when a segment or subsequence of ¢ members
has already been built.

A. General bounds for C,,

If we account for the machines independently, then we can
write the following:

LBI(k)=Y, p;; +

i=1

k-1 m (19)
+ min Zpik,+ thk, Vke K
(i,h)el:i#h o=l ’ Kkt ’
which is a bound of C,,,, through the machine £.
Therefore, considering all machines, we have the
following:
LB1=max{LBI(k)} (20)
keK

In the same manner, we can also consider a bound for C,,,
through the job i:

LB2()=,p,,+ D, min{p, ) Viel @21
k=1 he Iz F<K
Considering all the jobs, then we have:
LB2 = max{LB2(i)} (22)
iel

B.  Bound of C,, through a given segment

Reference [26] proposed a directed graph for the
computation of the makespan on the Fm|block|Cy,,x problem,
where Cy,,x is the length of the critical path. The length of any
path from the initial node to the final one is a lower bound of
the critical path length. We use in our bound the simplest paths
proposed by [28] in his pioneering work.

10

Let us assume that we have built a path from J(0) to
vertex J(z,j), and thus we have the information g(z, ;) and

e(t, )).
To complete a sequence up to stage 7, we will need to link
with J(¢,j), T-t vertices, associated each of them with a

different unscheduled job.

Under these conditions, we can delimit C,,, through the
vertex J(¢, j) adapting the overall bound LB1.
ek(tsj)-l- zpi7k+

iel:
. i (1,/)=0
LBI(t, j) = max ot
keK 3
+ min

nin { Zpi,k}
iel:

q; (1,))=0 k' =k+1

(23)

If we focus on the jobs, we will have:

m
Zpi,k +
k=1

LB2(t, j)=¢(t,j)+ max
iel: .
ool t 2 min{py]
. kekK
hel—{i}:
q, (1,/)=0

24

V.  THE USE OF BOUNDED DYNAMIC PROGRAMMING

The procedure we propose (from [22], [27] and [29]) is
called BDP (bounded dynamic programming) and consists of
generating a part of the graph described in section III from
level 0 to level T, one level at a time.

The generated vertices may potentially form a part of an
optimum path (from 0 to 7) that is based on the construction of
an optimum segment of ¢ stages, from J(0) to J(¢,j), and on
the evaluation of the bound of Cp, to reach stage 7, for
example LBI(¢, ).

The procedure only keeps the information of two
consecutive stages in memory, ¢ and +1 (¢=0,...,7—1), for
which it uses the following lists A(f) and A(z+1) ,
respectively:

e List A(7) contains information about the vertices
consolidated in stage ¢ that can potentially form part of an
optimum or good quality path.

e List A(¢z+1) contains the vertices that are tentatively
generated one-by-one from each vertex of list through the
possible transitions between stages ¢ and ¢+1.

A record A(J(t,))) of list A(r), A(J(¢,))) € Ar), is
composed of three elements:

A, ) ={ (2 ). LB, ) T (1, )} (25)

where ' (J(t, j)) is the vertex of stage -1 ancestor of J(z, j).

Although the use of A(#) and A(#+1) notably reduces
memory needs, the number of vertices that can be generated for
a stage can be very large. Therefore, we impose a limitation on



the number of H(¢) vertices stored in stage ¢. This limitation,
called window width, is represented as H, H(t)<H
(t=1,...,7). In addition, we set the maximum number of
transitions from a vertex in stage ¢ to the value n-¢.

Evidently, some vertices tentatively generated in stage ¢
will not be recorded in list A(¢+1), as described in [27].

To obtain an initial solution with value Z, (the upper
bound of the value of C,,y), it is sufficient to use a Greedy
procedure, a local search, or BDP with a small window width,
eg,H=1.

We have developed two variants based on BDP:

1. The ordered pair of values (LBI(t, j),e, (¢, j)) is used as
priority rule or guide (GZ) to obtain solutions. A partial
solution is more promising than another when it has a best
bound for C,,x. In case of tie between two partial solutions
(equal bound for Cp.), the partial solution with less
e, (t, j) will be considered the best.

2. In the wvariant 2, the ordered pair of values
(e, (t,7),LB1(t, })) is used as priority rule or guide (GZ).
A partial solution is more promising than another when it
has less value for his partial C,,x. In case of tie between
two partial solutions (equal partial Cp,), the partial
solution with less bound for total C,,, will be considered
the best.

Under these conditions, we can write the following algorithm
(Variant 1 and 2):

BDP-Fm|block|Cpnax
Input: T,n,m, pi’k(i =1l..mk=1..m),Zy,H
Output: N(T)
Initialization.: t=0;A(t)={J(0),LB1,~}; LBZ p;, = oo
while (t<T) do
A+ ={2}j=1
while ( j <H(t)) do
i=1
while (i <n) do
if qi(t,j)=0 then
generate vertex J(¢+1,j;) (see (15), (16) and (17))
determine LBI(t+1,j;) (see (23))
LBZ = LBI(1+1, ;)
Variant 1:
GZ =(LBI(t+ 1,j;).e,, (t+1,j;))
Variant 2:
GZ = (e, (t+1,j;).LBI(t+1,j;))
if LBZ 27 then
remove J(t+1,j;)
] { AAJ(t+ L)) e A(t+1): }
else if . en
J(t+ Lh)(= v=)J(t+1,j;)
reject J(t+1,j;)
else
Let {L(z+l)={/l(t+l,h)eA(t+1):}
J(t+1,j;)<J(t+1,h)}
if Lt+1)# {D} then
A(t+1) «— A+ 1D - L(t+1);
H(t+ 1)« H(t+1D)—|L(r+ 1)

1"

end if

if H(t+ 1)< H then
A+ 1) A(t+ 1)+
+H{J(+1,j;).LBUt + 1,j;).J(1. )}
Hi+D)«— H@E+D+1

else
g1 = LBI(t+ 1,h)
87 = ey, (t+ Lh)
Variant 1:

At+ Lhmax )= argmax  (g1.82)

A(t+1,)e A(r+1)
GZ pax = (LBI(t+ Lhpax ). (24 Lhmax )
Variant 2:
A+ Lhpax )= argmax  (g2.81)
A(t+1,)e A(r+1)
GZ ax = (€5, (t+ Ly ),.LBI(t + Lhpax )
LBZ a5 = LBI(t+ Ly )
if GZax <GZ then
discard J(t+1,j;)
else
replace J(t+ L,y ) with J(r+1,5;):
AG+1) e« A+ 1) = At + Lhgax)
A(t+1)«— A(t+ 1D+
+H{J(t+1,j;)LBIG+ 1, j),J (8, )}
if LBZ yin > LBZ ax then
LBZ in = LBZ 2

end if
end if
end if
end if
end if
i—i+1
end while
jej+1
end while
Save A(t+1); t<«t+1
end while
Save A(T)

end BDP- Fm|block]|Cpax
When the procedure ends, we can initially find two possible
situations:

e List A(T') is empty, which means that we are unable to
find a solution with a value less than Z,.

e List A(T) is not empty, which means that the records
contained in AT), AT ,h) € AT), are associated with
vertices, J(I',h), whose Cpa is e, (T ,h) <Z,. In this
case, we can regressively reconstruct a sequence from any
of these vertices with a better value than Z, using the
A(¢) list and the ancestors of the vertices.

In addition, we can guarantee that we are able to build an
optimum sequence from the A(T",h) € A(T) # {J} records in
any of the following cases:

Case 1 :OTZLXT{HO)} <H (26)
Case 2 :( max {H®} = Hj A(e, T . H)<LBZ..) (27)

In any other case, the procedure is heuristic.



VI. COMPUTATIONAL EXPERIENCE TABLE II. SOLUTIONS FOR TAILLARD’S SET 2
. : Best BDP Variant 1 Best Best
We haVe p?rfomed an Operatlon teSt Wlth the ﬁrSt 11 sefs Set 2 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
from Taillard’s benchmark instances [9]. The Taillard’s it Cow | Con | Con | Cow | Cow | Cow | Cow | found
. 3 3 . n =20 11 1698 | 2006 1807 1768 1762 1741 1741 1731 1731 1.94
benChmark lnStances ConSISt Of 120 lnStanceS9 grouped m 12 m=10 12 1833 2116 1974 1974 1909 1909 1897 1895 1895 3.38
sets. Each set has 10 instances, each of them with the same 13 1659 | 1781 | 1728 | 1695 | 1687 | 1687 | 1684 | 1684 | 1684 | L3I
b f b d h I t t l . 14 1535 1791 1714 1640 1587 1587 1579 1579 1579 2.87
numboer o1 jobs and machines. In our computational €xperience, 15 1617 | 1978 | 1780 | 1738 | 1707 | 1707 | 1667 | 1667 | 1667 | 3.09
we have experimented with the first 110 instances from the 120 16| 1590 | 1830 | 1710 | 1611 | 1611 | 1610 | 1610 | 1610 | 7670 | 126
. . 17 1622 1818 1740 1725 1722 1691 1691 1681 1681 3.64
supplied. The number of jobs goes from 20 (set 1) to 200 (set 18 | 1731 | 1904 | 1790 | 1766 | 1762 | 1756 | 1756 | 1756 | 1756 | 1.44
11) and the number of machines goes from 5 (set 1) to 20 (set 19 [ 1747 | 1962 | 1854 | 1854 | 1768 | 1755 | 1755 | 1755 | 1755 | 0.46
20 1782 | 2100 1933 1922 1890 1829 1829 1829 1829 2.64
1 1) Best BDP Variant 2 Best Best
) . ) Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
To obtain solutions, we have used two variants of BDP lit_| Cow | Con | Cow | Com | Cow | Com | Cow | found
d . C++ 1 d th 4 01 . 11 1698 | 2210 1973 1940 1908 1870 1858 1842 1842 8.48
programmed in L7, compiled with gec v. .01, running on an 12 {1833 | 2305 | 2112 | 2022 | 2015 | 1996 | 1953 | 1953 | 1953 | 6.55
Apple Macintosh iMac computer with an Intel Core i7 2.93 131659 | 1951 | 1869 | 1785 [ 1742 | 1716 | 1711 | 1711 | 1711 | 3.3
. 14 1535 1983 1755 1711 1700 1674 1660 1639 1639 6.78
GHz processor and 8 GB RAM using MAC OS X 10.6.4. 15 | 1617 | 2083 | 1849 | 1768 | 1715 | 1683 | 1682 | 1682 | 1682 | 4.02
Neither the implementation nor the compiler used threads or 161590 | 2008 | 1830 | 1718 | 1715 | 1647 | 1646 | 1646 | 1646 | 3.52
. 17 1622 | 2046 1782 1733 1712 1692 1692 1692 1692 4.32
any type of parallel code; therefore, the computer can be 18 {1731 2133 | 1859 | 1796 | 1777 | 1761 | 1760 | 1752 | 1752 | 121
considered a single 2.93 GHz processor. The 110 instances 1971747 1 2035 | 1860 | 1838 | 1832 | 1822 | 18IS | 1810 | 1810 | 3.61
. . . . 20 1782 | 2173 2037 1962 1915 1873 1869 1869 1869 4.88
were solved using seven correlative window widths, H, to H,
with values 1, 10, 50, 100, 250, 500 and 750, respectively.
e . - TABLE III. SOLUTIONS FOR TAILLARD’S SET 3
For the initial solution Z;, we used the value of the solution
. . . . . . Best BDP Variant 1 Best Best
Obtalned Wlth the preVIOuS Wldth H(X—] fOI‘ eaCh WlndOW Wldth Set 3 | Ins. | from H=1 H=10 H=50 | H=100| H=250| H=500| H=750|solution| RPD
_ : : 1 lit. Crnax Conax Crax [ Conax Crax Cuax | found
HDC ( o= 17 b 7 )’ eXCCpt fOr the case Wlth Wldth Hl - 1 n n=20| 21 2436 | 2772 2644 2640 2622 2567 2551 2551 2551 4.72
: m=20| 22 2234 | 2760 2544 2429 2367 2350 2326 2315 2315 3.63
Wthh ZO was ﬁxed at oo. 23 2479 | 2813 2730 2705 2665 2663 2651 2644 2644 6.66
24 2348 | 2733 2480 2440 2429 2419 2403 2388 2388 1.70
. . 25 2435 2886 2740 2621 2602 2553 2534 2534 2534 4.07
To analyze the experimental results, we used the relative 26 | 2383 | 2744 | 2532 | 2492 | 2492 | 2492 | 2461 | 2461 | 2461 | 3.27
1af1 . 27 2390 | 2827 2635 2584 2575 2543 2532 2531 2531 5.90
percentage deVlathn (RPD) Calculated as fOIIOWS' 28 2328 | 2792 2596 2574 2543 2522 2522 2522 2522 8.33
BDP B ‘ 29 2363 3036 2570 2545 2494 2494 24383 2483 2483 5.08
Best — Dés luti 30 2323 2698 2561 2442 2404 2404 2367 2367 2367 1.89
RPD = < SoUlon 100 (28) Best BDP Variant 2 Best Best
Best ., jsion Ins. | from =1 | H=10 | H=30 | H=100] H=250] H=300] H=730solution| RPD
lit. Cnax Cnax Crax Cnax Crnax Cnax Cuax found
Tables I to XI shows, for the sets 1 to 11 from Taillard’s 2712436 | 2868 | 2675 [ 2611 | 2590 [ 2579 [ 2575 | 2575 [ 2575 f 571
. . . 22 2234 | 2853 2671 2544 2517 2441 2404 2404 2404 7.61
instances, the best results reported in the literature (column 23 | 2479 | 2857 | 2783 | 2705 | 2644 | 2636 | 2627 | 2627 | 2627 | s.97
“Best”, obtained from [20]) for these instances and the best 24| 2348 | 3048 | 2606 | 2523 | 25IL | 2456 | 2431 | 2431 | 2431 | 3.53
. . 5 25 2435 2945 2787 2739 2693 2641 2639 2613 2613 7.31
results obtained (Cpax) for each window width (H,) and for 26 | 2383 | 2801 | 2618 | 2559 | 2550 | 2542 | 2487 | 2476 | 2476 | 3.90
. . 27 2390 | 2956 2715 2672 2603 2603 2550 2518 2518 5.36
each variant (1 and 2) Of the BDP algorlthm. We alSO report the 28 | 2328 | 2834 2669 2618 2560 2557 2554 2529 2529 8.63
best value for RPD for each instance and BDP variant. The best 2912363 | 3130 4 2706 | 2610 | 2565 | 2560 | 2544 | 2530 | 2530 | 7.07
. . . . 30 2323 2933 2672 2576 2553 2489 2452 2425 2425 4.39
results for both variants for C,,,, and RPD are show in italics
and bold face.
TABLE 1. SOLUTIONS FOR TAILLARD’S SET 1 TABLE IV. SOLUTIONS FOR TAILLARD’S SET 4
Best BDP Variant 1 Best Best Best BDP Variant 1 Best Best
Set 1| Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution | RPD Set4 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. | Com | Com | Com | Com | Com | Come | Come | found lit. [ Com | Com | Com | Com | Com | Com | Com | Jound
n =20 1 1374 1544 1448 1429 1413 1407 1402 1397 1397 1.67 n=50| 31 3002 3276 3146 3124 3096 3078 3066 3066 3066 213
m=5 2 1408 1588 1494 1475 1475 1465 1433 1433 1433 1.78 m=3 32 3201 3481 3341 3267 3267 3253 3253 3253 3253 1.62
3 1280 1455 1365 1326 1312 1312 1311 1311 1311 242 33 3011 3235 3146 3108 3081 3081 3081 3081 3081 2.32
4 1448 1563 1562 1543 1466 1456 1456 1456 1456 0.55 34 3128 3554 3261 3261 3215 3187 3181 3181 3181 1.69
5 1341 1512 1424 1400 1369 1367 1357 1350 1350 0.67 35 3166 | 3471 3257 3226 3226 3226 3226 3216 3216 1.58
6 1363 1515 1470 1395 1393 1393 1385 1385 1385 1.61 36 3169 | 3530 3365 3360 3317 3317 3284 3284 3284 3.63
7 1381 1467 1407 1407 1396 1396 1396 1395 1395 1.01 37 3013 3383 3188 3124 3098 3096 3096 3096 3096 2.75
8 1379 1608 1524 1392 1392 1386 1386 1386 1386 0.51 38 3073 3480 3180 3125 3125 3125 3125 3125 3125 1.69
9 1373 1461 1432 1410 1410 1403 1403 1389 1389 L7 39 2908 3256 3107 3076 3005 3004 2986 2971 2971 217
10 1283 1421 1311 1307 1307 1293 1293 1293 1293 0.78 40 3120 | 3434 3277 3217 3182 3171 3171 3163 3163 1.38
Best BDP Variant 2 Best Best Best BDP Variant 2 Best Best
Ins. | from H=1 H=10 H=530 | H=100| H=250| H=500| H=750|solution| RPD Ins. | from H=1 H=10 H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. [ Com | Com | Com | Com | Com | Com | Com | Sound lit. [ Com | Com | Com | Com | Com | Cow | Com | Jound
1 1374 1640 1513 1441 1423 1390 1380 1380 1380 0.44 31 3002 3613 3366 3204 3160 3131 3111 3111 3111 3.63
2 1408 1725 1549 1474 1459 1450 1442 1432 1432 1.70 32 3201 3815 3509 3484 3426 3353 3296 3269 3269 2.12
3 1280 1667 1471 1353 1330 1326 1314 1302 1302 1.72 33 3011 3678 3301 3211 3192 3168 3168 3156 3156 4.82
4 1448 1791 1607 1554 1516 1513 1499 1493 1493 3.11 34 3128 3812 3538 3342 3308 3308 3285 3285 3285 5.02
5 1341 1566 1456 1381 1381 1381 1381 1374 1374 2.46 35 3166 | 3901 3492 3353 3327 3286 3242 3242 3242 2.40
6 1363 1690 1504 1439 1414 1414 1409 1409 1409 3.37 36 3169 | 3729 3468 3412 3349 3293 3293 3290 3290 3.82
7 1381 1595 1483 1436 1428 1428 1424 1404 1404 1.67 37 3013 3516 3289 3138 3138 3097 3097 3097 3097 2.79
8 1379 1664 1478 1467 1450 1419 1414 1409 1409 2.18 38 3073 3595 3370 3268 3223 3195 3159 3159 3159 2.80
9 1373 1712 1539 1475 1454 1443 1439 1412 1412 2.84 39 2908 3393 3078 3069 3042 3032 2995 2984 2984 2.61
10 1283 1616 1457 1334 1312 1309 1309 1304 1304 1.64 40 3120 | 3759 3553 3461 3406 3367 3341 3301 3301 5.80
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TABLE V. SOLUTIONS FOR TAILLARD’S SET 5 TABLE VIII.  SOLUTIONS FOR TAILLARD’S SET 8
Best BDP Variant | Best Best Best BDP Variant | Best Best
Set5 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD Set8 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. Cinax [ Crax Conax Conax Crnax Cax | found lit. Cinax Crmax Crnax Cinax Crmax Crnax Crax | found
n=50| 41 |363 4139 3911 3837 3744 3744 3730 3730 3730 2.53 n=100( 71 | 7042 | 7790 7404 7374 7283 7246 7231 7231 7231 2.68
m=10| 42 |3507 | 3914 3701 3701 3647 3624 3624 3585 3585 222 m=10( 72 | 6791 | 7547 7097 6957 6895 6866 6814 6814 6814 0.34
43 | 3483 | 3982 3848 3754 3754 3672 3642 3623 3623 3.87 73 16936 | 7728 7293 7165 7157 7065 7050 7050 7050 1.64
44 | 3656 [ 4050 4024 3869 3869 3869 3869 3869 3869 5.83 74 | 7187 | 7925 7701 7553 7521 7482 7466 7405 7405 3.03
45 3629 | 4109 3836 3761 3761 3761 3720 3712 3712 2.29 75 6810 [ 7424 7110 7008 6962 6932 6932 6932 6932 L79
46 | 3621 | 3997 3845 3743 3743 3743 3692 3692 3692 1.96 76 | 6666 | 7427 7046 6971 6971 6934 6878 6855 6855 2.84
47 | 3696 | 4204 3940 3890 3814 3814 3814 3814 3814 319 77 | 6801 | 7681 7322 7117 7117 7071 6983 6983 6983 2.68
48 | 3572 | 4113 3986 3867 3718 3718 3718 3718 3718 4.09 78 | 6874 | 7415 7257 6998 6998 6998 6998 6972 6972 143
49 [ 3532 | 3871 3742 3682 3660 3660 3636 3619 3619 246 79 | 7055 [ 7955 7453 7344 7281 7216 7216 7216 7216 2.28
50 3624 | 4260 3987 3905 3905 3812 3812 3812 3812 5.19 80 6965 [ 7705 7344 7225 7129 7129 7125 7123 7123 2.27
Best BDP Variant 2 Best Best Best BDP Variant 2 Best Best
Ins. | from | H=I1 | H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD Ins. | from | H=1 | H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. Cinax Cinax Cinax Comax Conax Cnax Cuax | found lit. Cinax Crux Crax Cinax Crux Crmax Cuax__| found
41 [ 3638 | 4303 4058 3972 3920 3868 3853 3853 3853 591 71 17042 | 8128 7685 7574 7480 7390 7325 7306 7306 3.75
42 3507 | 4294 3913 3899 3804 3750 3723 3696 3696 5.39 72 6791 8032 7566 7373 7262 7183 7106 7069 7069 4.09
43 | 3488 | 4254 3922 3789 3733 3652 3652 3652 3652 4.70 73 16936 | 8160 7800 7573 7526 7459 7279 7206 7206 3.89
44 | 3656 | 4463 4165 4073 3991 3910 3910 3895 3895 6.54 74 | 7187 | 8483 7858 7711 7663 7645 7478 7478 7478 4.05
45 3629 | 4591 4152 3923 3841 3825 3776 3769 3769 3.86 75 | 6810 | 8101 7718 7421 7347 7310 7287 7208 7208 5.84
46 | 3621 | 4360 4102 3996 3963 3902 3876 3824 3824 5.61 76 | 6666 | 8078 7450 7241 7151 7058 6996 6926 6926 3.90
47 | 3696 | 4556 4246 4074 4020 3966 3966 3927 3927 6.25 77 ] 6801 8201 7761 7551 7468 7323 7284 7216 7216 6.10
48 | 3572 | 4281 3966 3964 3929 3827 3827 3827 3827 7.14 78 | 6874 | 8066 7568 7380 7302 7248 7163 7127 7127 3.68
49 | 3532 | 4374 4170 3954 3896 3779 3779 3779 3779 6.99 79 | 7055 | 8348 7776 7694 7646 7597 7428 7382 7382 4.64
50 | 3624 | 4455 4011 3940 3883 3859 3811 3796 3796 4.75 80 | 6965 | 8124 7698 7558 7498 7421 7279 7266 7266 4.32
TABLE VI. SOLUTIONS FOR TAILLARD’S SET 6 TABLE IX. SOLUTIONS FOR TAILLARD’S SET 9
Best BDP Variant | Best Best Best BDP Variant | Best Best
Set 6 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD Set9 | Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. Cinax [ Crax Conax Conax Crnax Cax | found lit. Cinax Crmax Crnax Cinax Crmax Crnax Crax | found
n=50| 51 |4500 [ 5213 4899 4844 4753 4753 4741 4705 4705 4.56 n=100( 81 | 7844 | 9309 8982 8673 8560 8551 8479 8395 8395 7.02
m=20| 52 | 4276 | 5163 4960 4811 4720 4700 4700 4668 4668 9.17 m=20( 82 | 7894 | 9234 8540 8380 8309 8248 823 8232 8232 4.28
53 4289 | 5258 4879 | 4553 4553 4553 4553 4553 4553 6.16 83 | 7794 | 9016 8664 8434 8434 8382 8334 8334 8334 6.93
54 4377 | 5010 4663 4649 4643 4615 4572 4572 4572 4.46 84 7899 | 8891 8609 8604 8416 8244 8244 8240 8240 4.32
55 [ 4268 | 5291 4888 4669 4669 4624 | 4594 4542 4542 6.42 85 | 7901 | 9024 8378 8378 8225 8225 8203 8203 8203 3.82
56 | 4280 | 5039 4876 4689 4651 4628 4596 4596 4596 7.38 86 | 7888 | 9241 8765 8553 8340 8340 8318 8318 8318 545
57 [ 4308 | 5110 | 4853 4636 4636 4573 4505 4505 4505 4.57 87 7930 | 8936 8620 8457 8457 8364 8364 8364 8364 547
58 | 4326 | 5395 4836 | 4689 4627 4590 | 4544 4494 4494 3.88 88 8022 | 9386 8794 8681 8577 8534 8487 8449 8449 532
59 | 4316 | 5261 5044 | 4780 4780 4780 | 4732 4687 4687 8.60 89 7969 | 8995 8626 8525 8357 8357 8205 8205 8205 2.96
60 4428 | 5160 4887 4831 4719 4719 4663 4663 4663 5.31 90 7993 | 9275 8886 8771 8655 8655 8564 8432 8432 5.49
Best BDP Variant 2 Best Best Best BDP Variant 2 Best Best
Ins. | from | H=I1 | H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD Ins. | from | H=1 | H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. Cnax Conax Crnax Cnax Conas Crnax Ciaw | found lit. Cinax Cinax [ Cinax Cinax [ Cuax__| found
51 4500 [ 5403 5252 5076 5044 4971 4945 4911 4911 9.13 81 7844 | 9493 9148 8998 8856 8670 8670 8571 8571 9.27
52 4276 | 5165 4955 4882 4811 4811 4811 4756 4756 11.23 82 7894 | 9579 9128 8868 8814 8717 8676 8676 8676 9.91
53 4289 | 5308 5050 4936 4838 4819 4751 4737 4737 10.45 83 | 7794 | 9395 8949 8818 8740 8716 8601 8496 8496 9.01
54 | 4377 | 5311 5002 4897 4814 4715 4671 4671 4671 6.72 84 | 7899 | 9385 8972 8854 8845 8704 8668 8628 8628 9.23
55 | 4268 | 5386 5054 | 4937 | 4862 4728 4728 4669 4669 9.40 85 [ 7901 | 9350 8958 8831 8739 8622 8589 8534 8534 8.01
56 | 4280 | 5549 5204 5024 4963 4898 4805 4805 4805 12.27 86 | 7888 | 9361 8954 8799 8759 8607 8580 8580 8580 8.77
57 | 4308 | 5465 5119 4981 4932 4849 4792 4772 4772 10.77 87 7930 | 9670 9145 8955 8856 8800 8728 8693 8693 9.62
58 | 4326 | 5487 5163 5039 4912 4893 4825 4825 4825 11.53 88 8022 | 9671 9230 9102 9012 8894 8771 8755 8755 9.14
59 | 4316 | 5384 5115 5010 4835 4812 4786 4754 4754 10.15 89 7969 | 9457 9078 8902 8809 8732 8675 8638 8638 8.40
60 | 4428 | 5456 5186 5089 4939 4885 4843 4782 4782 7.99 90 | 7993 | 9743 9348 9226 9068 8963 8891 8749 8749 9.46
TABLE VII.  SOLUTIONS FOR TAILLARD’S SET 7 TABLE X. SOLUTIONS FOR TAILLARD’S SET 10
Best BDP Variant 1 Best Best Best BDP Variant 1 Best Best
Set 7 | Ins. firom H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD Set 10| Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution | RPD
lit. Cinax Crnax Crnax Cinax Crnax Crnax Crax | found lit. Crnax Conax Crax Crmax Conax [ Crax | found
n=100( 61 |6151 | 6764 6417 6329 6270 6230 6225 6225 6225 1.20 n=200( 91 |13406| 14678 | 14089 | 13674 | 13674 | 13674 | 13557 | 13537 | 13537 | 0.98
m=5| 62 | 6022 | 6537 6236 6113 6113 6108 6108 6034 6034 0.20 m=10| 92 |13313 14472 | 13832 | 13592 | 13537 | 13311 | 13287 | 13287 | 13287 | -0.20
63 | 5927 | 6368 6207 5975 5975 5975 5942 5942 5942 0.25 93 | 13416| 14463 | 13944 | 13727 | 13691 | 13615 | 13503 | 13475 | 13475 | 0.44
64 5772 | 6190 5926 5808 5805 5782 5782 5782 5782 0.17 94 | 13344( 14641 13981 13662 | 13644 | 13618 | 13550 | 13435 | 13435 0.68
65 5960 | 6453 6089 6070 6050 6050 6050 6016 6016 0.94 95 [13360] 14344 | 13962 | 13694 | 13566 | 13471 13426 | 13319 | 13319 | -0.31
66 | 5852 | 6471 6034 5945 5945 5876 5876 5876 5876 0.41 96 | 13192 14115 | 13754 | 13484 | 13339 | 13304 | 13304 | 13273 | 13273 | 0.61
67 | 6004 | 6471 6220 6111 6081 6056 6056 6050 6050 0.77 97 | 13598 15270 | 14161 | 13866 | 13805 | 13805 | 13728 | 13728 | 13728 | 0.96
68 | 5915 | 6397 6056 6002 5916 5916 5882 5882 5882 -0.56 98 | 13504 | 14831 | 13909 | 13782 | 13678 | 13629 | 13626 | 13626 | 13626 | 0.90
69 6123 6647 6255 6255 6255 6201 6201 6172 6172 0.80 99 | 13310 14590 | 13735 13511 13468 | 13386 | 13386 | 13358 [ 13358 0.36
70 | 6159 | 6741 6274 6274 6244 6180 6154 6154 6154 -0.08 100 |13439| 14861 | 13914 | 13617 [ 13600 | 13535 | 13523 | 13480 | 13480 | 0.31
Best BDP Variant 2 Best Best Best BDP Variant 2 Best Best
Ins. | from | H=1 | H=10 | H=50 | H=100| H=250| H=500| H=750 |solution| RPD Ins. | from | H=1 | H=10 | H=50 | H=100| H=250| H=500| H=750solution| RPD
lit. Cunax [ Conax Cunex Conax Conax Coax | found lit. Conax Cinax Crmax [ [ Cinax Coax | found
61 6151 7233 6872 6699 6677 6618 6577 6505 6505 5.76 91 13406 15561 14885 14484 | 14333 14156 | 14001 13985 | 13985 432
62 | 6022 [ 7129 6651 6452 6410 6346 6282 6282 6282 432 92 | 13313 15404 | 14623 | 14306 | 14171 | 14135 | 13977 [ 13939 | 13939 | 4.70
63 | 5927 | 6995 6623 6365 6308 6285 6212 6170 6170 4.10 93 | 13416 15586 | 14769 | 14445 | 14289 | 14141 | 14005 [ 14005 | 14005 | 4.39
64 | 5772 | 6681 6265 6212 6115 6056 5992 5985 5985 3.69 94 | 13344 15629 | 14773 | 14334 | 14253 | 14067 | 13922 [ 13922 | 13922 | 4.33
65 | 5960 [ 6960 6428 6266 6266 6247 6217 6217 6217 431 95 13360 15903 | 14959 | 14555 | 14411 | 14199 | 13968 | 13968 | 13968 | 4.55
66 | 5852 | 7108 6538 6370 6163 6094 6024 5969 5969 2.00 96 | 13192 15288 | 14604 | 13990 | 13978 | 13782 | 13603 | 13585 | 13585 | 2.98
67 | 6004 [ 6980 6516 6311 6252 6222 6195 6195 6195 3.18 97 | 13598 15811 | 15041 | 14711 | 14614 | 14448 | 14322 [ 14312 | 14312 | 525
68 | 5915 | 7127 6495 6410 6275 6200 6182 6151 6151 3.99 98 | 13504 15674 | 14984 | 14553 | 14433 | 14226 | 14138 [ 14138 | 14138 | 4.69
69 | 6123 [ 7178 6679 6549 6479 6447 6359 6344 6344 3.61 99 | 13310 15533 | 14767 | 14252 | 14106 | 14021 | 13987 | 13839 | 13839 | 3.97
70 6159 | 7179 6788 6603 6572 6520 6491 6422 6422 4.27 100 [13439] 15597 | 14861 14432 | 14363 | 14220 | 14172 | 14145 | 14145 525
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TABLE XI. SOLUTIONS FOR TAILLARD’S SET 11
Best BDP Variant 1 Best Best
Set 11| Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD
lit. | Cusx | Com | Comx | Cosx | Cowx | Com | Cowe | found

n=200| 101 |14912| 16617 | 16006 | 15558 | 15475 15331 15263 15263 | 15263 235
m=20| 102 |15002| 16919 [ 15860 | 15721 15718 | 15580 | 15501 15411 | 15411 2.73
103 | 15186 16484 | 15838 | 15568 | 15409 | 15324 | 15318 | 15318 | 15318 0.87

104 15082 16533 | 15762 | 15515 | 15506 | 15506 | 15430 | 15296 | 15296 1.42

105 14970 17064 | 15823 15623 15569 | 15351 15351 15307 | 15307 2.25

106 | 15101 16713 15968 | 15781 15781 15482 | 15482 | 15453 | 15453 233

107 15099 16746 | 16075 | 15846 | 15840 [ 15691 15567 | 15567 | 15567 3.10

108 | 15141 16430 | 15897 | 15594 | 15566 | 15534 | 15405 | 15388 | 15388 1.63

109 15034 16452 15896 15540 15540 15361 15361 15351 15351 211

110 [15122] 16385 15796 15522 15464 15400 15370 15370 15370 1.64

Best BDP Variant 2 Best Best

Ins. | from H=1 H=10 | H=50 | H=100| H=250| H=500| H=750|solution| RPD

lit. | Cox | Cuw | Cowx | Cowx | Cows | Cowe | Cuwx | Sound

101 (14912 17474 16710 16374 16191 15965 15818 15743 15743 5.57

102 [ 15002] 17935 17081 16657 16537 16456 16272 16037 16037 6.90

103 | 15186 17517 | 17037 | 16842 | 16606 | 16402 | 16170 | 16170 | 16170 6.48

104 | 15082 17888 | 17104 | 16777 | 16645 | 16468 | 16238 | 16238 | 16238 7.66

105 114970 17455 | 16701 16565 | 16481 16224 | 16053 | 16053 | 16053 7.23

106 [15101] 17897 | 17469 | 16937 | 16816 | 16524 | 16357 | 16357 | 16357 8.32

107 15099 17537 16868 16595 16480 16295 16166 16166 16166 7.07

108 | 15141 17575 16965 | 16592 | 16481 16408 | 16118 16069 | 16069 6.13

109 115034 17500 | 17074 | 16577 | 16395 [ 16395 | 16119 | 16065 | 16065 6.86

110 15122 17602 | 17077 | 16681 16570 | 16270 | 16270 | 16128 | 16128 6.65

In Tables I to XI we can observe that values of RPD are
between -0,56% and 9,17% in all the instances. RPD negative
values indicate an improvement to the best solution reported in
the literature; these improvements occur in 4 instances:
instances 68, 70 and 92 (with a window width H=500), and
instance 95 (with a window width H=750).

We can observe that the improvement for C,,x that occurs
(on average) between consecutive window widths is clearly
decreasing. In addition, C,.x values obtained tend
asymptotically to the best known value of C.x when we
increase the window width.

The average RPD for the 110 instances is 2,66%. The
average RPD for each set (1 to 11) and variant (1 and 2) are
reported in Table XII. Table XII also shows average CPU time
(in seconds) for both variants of the BDP and windows widths
H=500 and H=750 (for the 11 sets).

TABLE XII. AVERAGE RPD AND CPU TIMES FOR THE 11 SETS
Sets 1 2 3 4 5 6 7 38 9 10 11T All sets
%average RPD 1 | 122 222 453 210 336 6.05 041 210 511 047 204 [ 2.69
% average RPD2 | 2.11 465 595 358 571 996 392 443 9.08 444 689 | 552
% average RPD (both)| 1.02 220 440 210 332 605 041 210 511 047 2.04 | 2.66
average CPUI/500 | 32 3.6 46 363 442 627 1917 249.0 3783 16252 2630.1] 475.4
average CPU2/500 | 2.4 32 44 398 468 639 251.8 2993 4252 2156.9 2989.2| 571.2
average CPU1/750 | 69 7.6 92 791 928 1281 4203 509.1 719.1 3190.0 4793.4| 905.1
average CPU2/750 | 49 63 84 835 986 1297 545.0 619.7 823.6 44155 5554.8| 11173

Comparing the results obtained by both variants, we can see
that BDP Variant 1 outperforms BDP Variant 2, in CPU times
and solutions obtained.

VIL

In this paper a BDP (Bounded Dynamic Programming) has
been proposed for solving the permutation flow shop problem
with blocking. This type of procedure has been used to solve
sequencing in mixed assembly lines and assembly line
balancing problems but, to the best of our knowledge, it has not
been used to solve the problem here considered.

CONCLUSIONS

The BDP combines features of dynamic programming with
features of branch and bound algorithms. The main elements
which define the efficiency of the BDP procedure are the graph
associated to the problem, the initial solution, the bounding
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scheme used to prune the graph and the window width used.
The window width limits the maximum number of partial
solutions retained in each level, therefore it is also necessary to
define the rules to decide which vertices are pruned. In our
implementation two different variants has been used. The best
behavior has been obtained when the priority rule keeps those
vertices with a best bound of C,,,, and in case of ties those with
the best partial Cp... Even though we have set the initial
solution ( Z;) to infinite and we have used a simple bounding

scheme, we have improved the best known solutions for the
Taillard’s instances number 68, 70 and 92 with a window
width of 500, and instance number 95 with a window width of
750, in a competitive time.

Future research will focus on using an improved bounding
scheme more adapted to the characteristics of the problem
which, combined with a better initial solution as the MME2
proposed in [20], could help to improve the efficiency of the
procedure.
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